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Abstract
We discuss the thermodynamics of a gas of free particles obeying Haldane’s
exclusion statistics, deriving low temperature and low density expansions.
For gases with a constant density of states, we derive an exact equation of
state and find that temperature-dependent quantities are independent of the
statistics parameter.
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Haldane’s definition of fractional statistics [1] is based on the generalized exclusion prin-
ciple ∆d(N) = −g∆N , where d(N) is the dimension of the single particle Hilbert space when
N − 1 states are occupied and g is the exclusion statistics parameter (gBose = 0, gFermi = 1).
This leads to a statistical weight
W =
[K − (g − 1)(N − 1)]!
N ! [K − g(N − 1)− 1]! ; K = d(1) (1)
which, when applied locally in phase space (i.e. to a set of neighboring energy levels),
results in distribution functions for free particles obeying fractional exclusion statistics (FES)
[2–4]. Corresponding thermodynamic properties have been discussed [3,5]. Remarkably,
the single-state grand partition functions for FES previously appeared as describing the
thermodynamics of anyons in the lowest Landau level [6], and connection with FES was
then established [3]. The FES distributions were also derived [7–10] for the elementary
excitations of the Calogero [11] and Sutherland [12] models; the latter models may be viewed
as systems with purely “statistical” interactions [13,14]. FES is sometimes called ideal FES
to distinguish it from exclusion statistics with nonlocal statistical interactions related to
more general integrable models [8,15]. Connection with integrable models was used to derive
thermodynamic quantities for exclusion statistics in one dimension [16]. Note also that the
idea of generalized exclusion principle has been recently extended resulting in statistical
weights different from (1) [17–19].
The original suggestion that fractional quantum Hall effect quasiparticles obey FES [1]
has since been verified numerically [20,21] and analytically [22]. There were also speculations
as to the applicability of FES to other models of condensed matter systems [5,23,24], in which
context the Thomas-Fermi method was adapted to study FES [25].
In this paper we discuss the thermodynamics of a gas of free (spinless) particles obeying
FES, deriving Sommerfeld and virial expansions, extending previous work by Nayak and
Wilczek [5] on this subject. In particular, we derive several new analytic results. For gases
with a constant density of levels, we obtain an explicit expression for the energy density as a
function of particle density and temperature. We find in this case that, at low temperatures,
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the heat capacity is exactly linear (up to nonanalytic corrections) and independent of the
statistics parameter g. In the low density expansion, only the second virial coefficient is
g-dependent.
General Relations — The occupation distribution function derived from eq. (1) is
n(ε, µ, T ; g) =
w
1 + (g − 1)w , (2)
where w satisfies
g ln(1− w)− lnw = ε− µ
kBT
. (3)
The grand potential is then a sum over the single-particle states i:
Ω(T, V, µ) = kBT
∑
i
ln(1− wi) . (4)
The distribution function ni and the single state grand partition function ξi, related by
ni = xi(∂/∂xi) ln ξi, with xi ≡ exp[(µ− εi)/kBT ], can be expanded in powers of xi,
ξi =
1
1− wi =
∞∑
l=0
Pl x
l
i , ni =
∞∑
l=1
Ql x
l
i , (5)
where [7]
Pl =
l∏
k=2
(
1− g l
k
)
, Ql =
l−1∏
k=1
(
1− g l
k
)
. (6)
These coefficients, which may be introduced as a priori probabilities [17], generally become
negative for certain values of g. One can implement a microscopic formulation of FES which
does not rely on negative probabilities [26].
Consider a gas of free FES particles in D dimensions with dispersion ε(p) = apσ. The
pressure is given by
P = −Ω/V = ∆
∫
∞
0
dε εD/σ n(ε) , (7)
where ∆ = a−D/σ/(2
√
pih¯)D Γ(1 + 1
2
D). Note that P = (σ/D)E/V , where E =
∑
i εi ni is
the energy. It is convenient to express integrals of the form
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I[f ] =
∫
∞
0
dε f(ε)n(ε) , (8)
as ones over the variable w,
I[f ] = kBT
w(0)∫
0
dw
1− w f
(
µ+ gkBT ln(1− w)− kBT lnw
)
, (9)
where w(0) satisfies Eq. (3) with ε = 0.
Low Temperatures — At low temperatures, Eq. (9) results in the Sommerfeld expansion
I[f ] = g−1
µ∫
kBT lnw(0)
dε f(ε) +
∞∑
l=0
(kBT )
l+1
l!
Cl(g) f
(l)(µ),
Cl(g) =
w(0)∫
0
dw
1− w
{
[g ln(1− w)− lnw]l − [g ln(1− w)]l
}
.
Here w(0) = 1−O(e−µ/gkBT ) and can be set to unity, up to nonperturbative corrections (it
is necessary that g > 0). Our result for Cl(g) is equivalent to that derived in Ref. [5], but
in its present form we clearly see that Cl(g) is a polynomial of order (l − 1) in g,
Cl(g) =
l−1∑
k=0
Cl,k g
k,
Cl,k = (−1)l−k
(
l
k
) ∫ 1
0
dw
w
lnk(w) lnl−k(1− w) . (10)
It is now straightforward to derive the duality relation
Cl,k = (−1)l−1Cl,l−k−1 (11)
as well as the results
C0(g) = 0, C1(g) =
pi2
6
, C2(g) = 2 ζ(3) (1− g),
C3(g) =
pi4
15
(1− 1
4
g + g2) .
This proves the conjecture C0(g) = 0 (see also Ref. [17]) and agrees with the numerical
estimates of C1(
1
2
) and C2(
1
2
) from Ref. [5].
From the Sommerfeld expansions for the particle number and the energy, we find a
chemical potential
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µ = µ0

1− pi
2
6
g
(
D
σ
− 1
)(
kBT
µ0
)2
+ . . .

 (12)
and a specific heat
CV,N
V
=
gDn
σ
(
kBT
µ0
){
pi2
3
+ 6 ζ(3) (1− g)
(
D
σ
− 1
)(
kBT
µ0
)
+ . . .
}
, (13)
where µ0 = (gρ/∆)
σ/D is the T = 0 chemical potential and ρ = N/V is the particle density.
Examples — When ε(p) = p2/2m, one obtains a compressibility κ = D/2nµ0 and a
sound velocity vs =
√
2µ0/mD. Restricting further to the case D = 1, the sound velocity
vs = pih¯gn/m corresponds to the pseudo Fermi velocity vF = pF/m (n(p) = 1/g for |p| ≤ pF ,
otherwise n(p) = 0 for T = 0). The specific heat is
CV,N
V
=
pik2
B
T
3h¯vs
− 6ζ(3)
pi
(1− g) k
3
B
T 2
mh¯v3s
+ . . . (14)
This calculation provides a way to evaluate thermodynamic quantities (without restriction
only to leading terms) for the Sutherland model (nonrelativistic particles on a ring of length
L interacting via V (xi − xj) = λ(λ − 1)(pi2/mL2)/ sin2[pi(xi − xj)/L] [12]). Indeed, one
may interpret the thermodynamic Bethe Ansatz equations for the family of solutions of the
Sutherland model with |Ψ| ∝ |xi − xj |λ as |xi − xj | → 0 (λ ≥ 0) as describing an ideal gas
of nonrelativistic pseudoparticles obeying D = 1 FES with g = λ, with corresponding ther-
modynamic properties [7–9]. The leading term of the low temperature heat capacity known
for the Sutherland model [12] is recovered by the first term in (14) (which itself, along with
the above sound velocity vs and compressibility κ = 1/nmv
2
s , manifests in thermodynamics
a bosonization of the Sutherland model [27,28]).
Cluster and Virial Expansions — For the general dispersion ε(p) = a pσ, expanding
Eq. (4) in powers of xi and making summation over i, we derive a cluster expansion
− Ω
kBT
=
∞∑
l=1
bl z
l , bl =
Ql
l
Z1(T/l) , (15)
where z = eµ/kBT is the fugacity, and Z1(T ) = V ∆Γ(1 +D/σ) (kBT )
D/σ is the one-particle
partition function
∑
i e
−εi/kBT . One then derives in the usual way the virial expansion
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PkBT
=
∞∑
l=1
al(T ) ρ
l, al ≡ a˜lV l−1,
a˜1 = 1, a˜2 = −b˜2, a˜3 = −2b˜3 + 4b˜22,
a˜4 = −3b˜4 + 18b˜3b˜2 − 20b˜32, etc.
and b˜l ≡ bl/bl1. For example, we find
a2 = 2
−D/σ(g − 1
2
)
V
Z1(T )
, (16)
with linear dependence on the statistics parameter, and
a3 =
{
(4−D/σ − 2
3
· 3−D/σ) + g(g − 1)(41−D/σ − 31−D/σ)
}( V
Z1(T )
)2
. (17)
For nonrelativistic particles and D = 1, these expressions with g = λ recover the virial
coefficients for the Sutherland model [29].
Gas with Constant Density of States — In the cases D = σ, the density of states is
constant in energy and one can evaluate the equation of state exactly. The integral (9)
applied for the particle number yields w(0) = 1− e−ρ/∆kBT . From Eq. (3), we then find
µ(ρ, T ) =
gρ
∆
+ kBT ln(1− e−ρ/∆kBT ). (18)
Finally, applying the integral (9) for the pressure, we obtain
P (ρ, T ) =
gρ2
2∆
+
1
∆
∫ ρ
0
dρ′
ρ′
exp(ρ′/∆kBT )− 1 . (19)
This result can be expanded to give low temperature and low density series. Remarkably,
for ρ≫ ∆kBT , the full perturbative result is
P =
E
V
=
gρ2
2∆
+
pi2
6
∆ (kBT )
2 , (20)
and hence CV,N/V =
1
3
pi2∆k2
B
T to all orders in T . In the low density limit, we find
P
kBT
= ρ+ 1
4
(2g − 1) ρ
2
∆kBT
+
∞∑
l=2
Bl
(l + 1)!
ρl+1
(∆kBT )l
, (21)
where Bl is the lth Bernoulli number (B2 = 16 , B4 = − 130 , etc.), vanishing for k odd.
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As is seen from Eq. (21), only the second virial coefficient is g-dependent. A similar
claim about a virial expansion was made in Ref. [10] for the Calogero model (particles
with an inverse square interaction in a harmonic potential 1
2
mω2x2 on a line) [11], which
is a realization of FES and has a constant density of states in the quasicontinuous limit
h¯ω ≪ kBT . We should note however that the equation of state for the Calogero model,
because of the presence of a harmonic potential, cannot be directly related to the above
calculations for a free gas (see also discussion in Refs. [29,30]). We also notice a formal
analogy between the above thermodynamic properties of free gases with D = σ and those
obtained by Sen and Bhaduri for D = 1 FES particles in a harmonic potential in the
Thomas-Fermi approximation [25], where the density of states is also constant.
The above results imply that for D = σ only T = 0 quantities depend on the statistics
parameter. The case D = σ, in particular, corresponds to a gas of nonrelativistic particles
in two dimensions, in which case ∆kBT is equal to λ
−2
T , where λT = h¯
√
2pi/mkBT is the
thermal de Broglie wavelength (for the latter case, the virial expansion (21) was conjectured
in Ref. [7]). It follows that investigations of whether FES occurs in two-dimensional systems
(see e.g. Ref. [5]) should refer to T = 0 properties.
In conclusion, we have derived explicitly a few first terms of both low temperature and
low density expansions for gases of free spinless particles obeying FES. For gases with a
constant density of states in energy, we derived the exact equation of state (19), which
implies that the finite-temperature properties are identical to those for a Fermi gas and the
statistics only appears in the zero-temperature quantities.
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